Abstract. We find a system of two polynomial equations in two unknowns, whose solution allows to give an explicit expression of the conformal representation of a simply connected three sheeted compact Riemann surface onto the extended complex plane. This function appears in the description of the ratio asymptotic of multiple orthogonal polynomials with respect to so called Nikishin systems of two measures.
Introduction.
Conformal representations of compact Riemann surfaces play an essential role in approximation theory; in particular, they serve to describe the so called ratio asymptotic of orthogonal polynomials on the real line.
Let µ be a finite positive Borel measure whose compact support supp(µ) has infinitely many points and is contained in the real line. By q n (w) = κ n w n + · · · + κ 0 , with κ n > 0, we denote the nth orthonormal polynonomial with respect to µ; that is q n (t)q m (t)dµ(t) = δ n,m , where δ n,m denotes the Kronecker delta.
It is well known and easy to verify that the sequence {q n }, n ≥ 0, satisfies a three term recurrence relation tq n (t) = a n+1 q n+1 (t) + b n q n (t) + a n q n−1 (t), n ≥ 1, b n ∈ R, a n > 0. The following result establishes a close connection between ratio asymptotic of orthonormal polynomials and the limit behavior of the recurrence coefficients (see [6] ).
Theorem 1.1. The following assertions are equivalent:
• lim n a n = a > 0, lim n b n = b.
• lim . This is known as the Rakhmanov-Denisov theorem (see [3] and [9] ). Recently, (see [1] , [2] , and [5] ) results analogous to those stated above and the Denisov-Rakhmanov theorem were obtained for multiple orthogonal polynomials of Nikishin systems of m measures. In this case, the ratio asymptotic is described in terms of a conformal representation of an m + 1 sheeted compact Riemann surface onto the extended complex plane. The reader interested in these results can check the references given. We will not dwell into details and introduce directly the relevant Riemann surface.
Let ∆ k , k = 1, . . . , m, be a system of bounded intervals of the real line such that
formed by the consecutively "glued" sheets
where the upper and lower banks of the slits of two neighboring sheets are identified. In fact, this describes R as a branched cover of C. Denote by π the corresponding projection. Notice that R is a compact Riemann surface of genus 0; therefore, it is conformally equivalent to C. Fix l ∈ {1, . . . , m}. We are interested in the conformal representation ψ (l) , of R onto C such that
where w (l) denotes the point in the sheet l which projects onto w ∈ C. When m = 1 and
(1) |R (1) . In view of our motivation coming from the ratio asymptotic of multiple orthogonal polynomials of Nikishin systems of measures, we would like to find an explicit expression for ψ (l) or, at least, an algebraic equation characterizing it, in terms of the end points of the intervals ∆ k . This problem seems to be very difficult and unsolvable in all its generality, because it requires the solution of high order algebraic equations. For this reason, in the main part of the paper, we will restrict our attention to the case m = 2, where we have been able to achieve our goals (see Theorem 3.1 below).
There is another way to look at the Riemann surface R. If ψ : R → C is any conformal representation and g : C → R is its inverse, then
is a holomorphic function from the extended Riemann sphere onto itself and hence it is a rational function. Its degree (understood as the number of solutions of the equation G(z) = w for a generic w) equals the number of sheets of the branched cover π : R → C, that is m + 1. The end points of the intervals ∆ k determine, in fact, the values of G at its critical points, where G ′ (z) = 0. Therefore, we are interested in determining a rational function G of a given degree by its critical values and, possibly, some additional topological characteristics of the branched cover it defines.
We remark that a related problem of classifying rational functions with real critical values has been studied recently by various authors, see [10] and references therein. It also turns out that our problem is related to a problem of determining the coefficients of a special Schwarz-Christoffel mapping of the upper half-plane onto a special Riemann surface, see §4 below.
The paper is divided as follows. In Section 2, we describe some general properties of the conformal representations of R onto C. Sections 3 contains the statement of the main results of the paper which are obtained for the case when m = 2. Their proofs are carried out in Sections 4 and 5. The final Section 6 is devoted to the development of a numerical algorithm for solving the system (Syst) which in turn allows one to calculate the functions ψ (1) , ψ (2) numerically (for m = 2).
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Some general properties
Let ψ, Ψ be any two conformal representations of R onto C, then Ψ • ψ −1 is an automorphism of C. Consequently, there exist constants a, b, c, d, with ad − cb = 0, such that
Therefore, if we have found a conformal representation ψ, any other Ψ can be expressed explicitly in terms of ψ and the values of Ψ at three distinct points (alternatively, in terms of the values of Ψ at two points and its first derivative at one of the two points). For example (see (1.1)),
where C 2 = 0 is an appropriate constant so that the Laurent expansion of the right hand side at ∞ (k) has leading coefficient equal to 1.
Let ψ (l) k , k = 0, 1, . . . , m, denote the branches of ψ (l) , corresponding to the different sheets of R. The function ψ (l) is the solution of the algebraic equation
The coefficients α j (w) are the so called symmetric functions which are known to be entire functions on the complex plane and can be expressed in terms of the branches of ψ (l) through the Vieta relations. By the definition of
k (w) has no singularity on C; therefore, according to Liouville's theorem it is constant. On the other hand, each α j (w), j = 1, . . . , m, has a simple pole at ∞; consequently, it is a polynomial of first degree. In (2.3), we can solve for w and from what was said before we find that w = g(z) = p(z)/q(z) = (ψ (l) ) −1 (z), where p is a polynomial of degree m + 1 and q is a polynomial of degree m. The algebraic equation which defines R is irreducible, therefore, (p, q) ≡ 1; otherwise, ψ (l) would satisfy a lower order algebraic equation in z. The poles of g (which are ∞ and the zeros of q) are the points ψ (l) (∞ (k) ), k = 0, . . . , m. The zeros of g (which are the zeros of p) are the points ψ (l) (0 (k) ), k = 0, . . . , m (without loss of generality we can assume that 0 ∈ ∪ m k=0 ∆ k ). Since ψ (l) is single valued, all these points are distinct. In particular, the zeros and poles of g are simple.
It is easy to verify that
Indeed, let φ(w) := ψ (l) (w). φ and ψ (l) have the same divisor; consequently, there exists a constant C such that φ = Cψ (l) . Comparing the leading coefficients of the Laurent expansion of these functions at ∞ (l) , we conclude that C = 1.
In terms of the branches of ψ (l) , the symmetry formula (2.4) indicates that for each k = 0, 1, . . . , m,
; therefore, the coefficients (in particular, the leading one) of the Laurent expansions at ∞ of the branches of ψ (l) are real numbers, and
(the second equality is due to continuity).
3.
The results for m = 2.
Here we consider the problem of explicitly determining the functions G and ψ (l) for the case of two intervals ∆ 1 , ∆ 2 . Using an affine transformation, if necessary, we can assume that
where λ, µ > 1.
Theorem 3.1. The functions ψ
(1) and ψ (2) can be computed as follows:
β and b are the solutions of the equation
verifying β < −1, b > 1, and α and a are the unique solutions of the algebraic system
Since H −1 (w) is the solution of the cubic equation
the functions ψ (1) and ψ (2) can be computed explicitly if we know α and a.
As follows from the proof, the rational function G, given by this theorem, is given alternatively by (1.2), where g is one of the conformal homeomorphisms of C onto R. As part of the proof of Theorem 3.1 we will also obtain that G and the real numbers β, α, a, b constitute a unique solution of the following system of relations
Then system (Syst) defines a one-to-one correspondence between these sets. Moreover, this mapping transforms the set {(a, α) : −1 < a < α < 1} onto the interior of Ω, the sides {a = −1}, {α = 1} of the triangle A onto the rays {λ = 1}, {µ = 1} ⊂ Ω, respectively, and the vertex
If ∆ 1 and ∆ 2 have the same Euclidean length, then µ = λ, and we obtain a very simple result.
where
and a is the unique solution on the interval (0, 1) of the biquartic equation
In this case, H −1 (w) is the solution of the cubic equation
4. Proof of Theorem 3.1
Then there exists a conformal homeomorphism g : C −→ R such that G := π • g : C −→ C is a rational function G = P/Q with real coefficients, deg P = 3 and deg Q = 2. In fact, g can be constructed as follows. Consider a conformal map g from the closed upper halfplane H onto the simply connected set
Notice that R + is "one half" of R and g R coincides with the boundary of R + . We can choose g so that for some β < z 1 < α < a < z 2 < b we have
. By Schwarz's reflection principle, we can extend g to a conformal map (which we denote also by g) from C into R, which is symmetric with respect to the real line. Then G := π • g : C −→ C is holomorphic; therefore, it is a rational function G = P/Q, where P and Q have real coefficients, since G maps R into R. As G has degree 3 and has three poles (z 1 , z 2 , ∞), then a fortiori deg P = 3 and deg Q = 2.
G has two finite poles and four critical points on the real line. Taking
, if necessary, without loss of generality we can assume that the poles of G are −1 and 1. These normalizations define G uniquely.
The critical points of G satisfy β < −1 < α < a < 1 < b. Moreover, G increases on (−∞, β), (α, a), (b, ∞), and decreases on (β, −1), (−1, α), (a, 1), (1, b) . Therefore, G(α) < G(a); we also have −µ = G(β) < G(α) = −1 and 1 = G(a) < G(b) = λ.
It follows that G satisfies all the relations (3.11).
This way of constructing G shows that it is in fact a kind of Schwarz-Christoffel mapping from H onto the Riemann surface R + , which may be viewed as an unbounded polygon, whose angles are all equal to 2π.
4.
2. An auxiliary rational function H. In order to compute G, let us consider the rational function
where c is a positive constant such that lim z→∞ H(z)/z = 1. Then, the requirements (3.11) on G are equivalent to the following conditions on the rational function H:
Since −1 and 1 are simple poles of H, we get from the two last equations in (4.13) the equalities:
Therefore,
where h = H(0), so that (3.7) holds.
4.3.
The deduction of system (Syst). We are going to prove equations (3.8)-(3.10) and the validity of (Syst). In order to do that, we will express β, b, h, A and B in terms of α and a and write down equations on α, a. The choice of α and a as unknown variables seems to be the best one from the numerical point of view, because they are bounded (−1 < α < a < 1). From the equation for H ′ (z) we deduce that
Replacing z = 1 and z = −1 in (4.14), we obtain
Identifying the coefficients in (4.14), it follows that Relation (4.16) gives β + b = −(α + a), and we deduce that
Therefore, β and b can be obtained from a and α as the solutions of the equation
Using that β + b = −(α + a), we express h in terms of a and α:
We are going to make use of the equations
Since H(β) < 0 < H(b), these equations are equivalent to the following ones:
We have
So we get from (4.26) that
Since b and β are the solutions of the equation x 2 + (a + α)x + bβ = 0, we have
From this, we deduce that b − β = (a + α) 2 − 4bβ , and
(one could, in fact, express here bβ in terms of a and α, see (4.21)). These last two equations and (4.21) imply that (4.27) is equivalent to:
After replacing 4h by its value, given in (4.24), we get 4h + 2 (a − α)
Then, (4.28) is equivalent to (4.30)
. Substituting the second equation in (4.30) into the first one, we obtain an equivalent system:
The first equation in (4.31) is equivalent to the first equation in (Syst). Since −1 < α < a < 1, both terms in the second equation in (4.31) are positive. Therefore, this equation is equivalent to
and hence to the second equation in (Syst). We conclude that the functions G and H are necessarily given by the formulas in Theorem 3.1, where a and α are some solution of (Syst). The uniqueness of the solution will be checked in the next subsection.
4.4.
The reverse arguments. First we need some technical lemmas. Proof. It is obvious because the condition t 1 < −1 and t 2 > 1 is equivalent to f (−1) < 0 and f (1) < 0, where f (t) := t 2 + pt + q.
Lemma 4.2. Let a, α be any real numbers such that −1 < α < a < 1. Then the solutions β, b of the equation
are real. Assuming that β ≤ b, one has β < −1, b > 1.
Proof. By Lemma 4.1, it is sufficient to show that
whenever −1 < α ≤ a < 1. By symmetry, it suffices to verify that
But this is a direct consequence of
Lemma 4.3. Suppose λ > 1, µ > 1 are arbitrary real numbers. Let G be the unique rational function that satisfies (3.11), and define H from (4.12).
(i) There is at least one solution (α, a) to the system (Syst) such that −1 < α < a < 1.
(ii) Given any such solution, define β < −1, b > 1 from (3.10), A, B, h from (3.9), (3.8), and then define the corresponding function H from (3.7). Set G(z) = H(z)/H(a). Then G = G, H = H.
Proof. Part (i) has been already checked in subsection 4.3. Now assume that α, a, b, β, H, G has been constructed as in (ii). We show that
It suffices to check equations (4.16)-(4.19).
We have (4.16) from the definition of β and b. This definition also gives (4.21), which implies (4.20) . This last equation is the difference of (4.17) and (4.19) . The definition of A and B gives 2A + 2B = 1 + βα + βa + βb + αa + αb + ab + βαab , and this equation is the sum of (4.17) and (4.19). Therefore, we can also obtain the equations (4.17) and (4.19). The definition of A and B also gives (4.18):
Consequently, we have proved (4.32).
The definition of h and formulas
give (4.23), which is equivalent to H(α) = −H(a). We can reverse the arguments given in Section 4.1 to show implications (Syst) ⇒ (4.30) ⇒ (4.26). We also see that (4.29) holds, which, together with the second equation in system (4.26), implies that H(a) = 0, H(b) = H(β). Therefore, we can deduce (4.25) from (4.26). Hence all the conditions (4.13) hold. Now, we can assert that H increases on (−∞, β), (α, a), (b, ∞), and decreases on (β, −1), (−1, α), (a, 1), (1, b). Since H increases on (α, a), we have H(α) < H(a), but H(α) = −H(a), so we deduce that H(a) > 0.
Then
Furthermore, H has just three poles; namely −1, 1 and ∞, and they are simple.
The function
, and decreases on (β, −1), (−1, α), (a, 1), (1, b) .
G is a rational function of degree 3; therefore, we conclude that G gives rise to a conformal map g of C onto a Riemann surface R * with three sheets (R * , R * 1 , R * 2 ), so that G = π • g, where π : R * → C is the canonical projection. The set of branch points of R * is {G(β), G(α), G(a), G(b)} = {−µ, −1, 1, λ}. All these branch points have order two, because G ′ has simple zeros on β, α, a, b.
2 is connected and the branch points have order two, there is some R * j (for instance, R * 1 ) with two cuts and R * , R * 2 have just one cut. By the monotonicity properties of G, we can deduce that 2) , and that G H = (R * ) + , where (R * ) + is the union of one half of each R * j (j = 0, 1, 2). We also have
3 preimages by G in R, and every point of (−µ, −1) ∪ (1, λ) has one preimage by G in R. Since (R * ) + is the union of one half of each R * j and it is connected, the cuts are (−µ, −1) ∪ (1, λ). Consequently, R * = R.
Therefore, G −1 • G is a conformal map from C onto C, and it must be a Möbius transformation. Since
, the Möbius map G −1 • G fixes the points ∞, −1 and 1. It follows that G −1 • G is the identity map, and therefore G = G.
Corollary 4.4. The solution (α, a) to system (Syst) with the properties −1 < α < a < 1 is unique.
Proof. Indeed, as shown above, any solution (α, a) of this system gives rise to a function G, which coincides with G. Denote the parameters that correspond to G byα,ã, etc. Then α =α and a =ã (because they are the only two critical points of G and G on the interval (−1, 1) ).
Since G(z) = H(z)/H(a), we obtain that G −1 (w) = H −1 (H(a)w). We have
or equivalently,
Observe that (4.33) allows one to obtain an explicit expression for H −1 (and then for ψ (1) and ψ (2) ), once we have solved (Syst).
We compute now ψ
(1) and ψ (2) in terms of G. Recall that ψ (1) and ψ (2) are determined by
) for some constant c 1 . In order to calculate the constant c 1 , notice that
and then
We also have ψ
In order to compute the constant c 2 , let us expand the left hand side of (4.33) in powers of (z − 1). One gets that (4.33) is equivalent to
or, equivalently, lim
Recall that 1 = lim
and this gives c 2 = A/2H(a). This finishes the proof of Theorem 3.1.
Proofs of Theorems 3.2 and 3.3
Proof of Theorem 3.2. We associate with any point (λ, µ) ∈ R 2 the point (u, v), where
In terms of u, v, (Syst) may be rewritten as
One can check that these equations imply that
Take any point (a, α) ∈ A. By (5.36), the corresponding pair (u, v), given by (
2 . Hence v ≥ 0, and
then λ, µ ≥ 1. By examining (5.34), one gets that the pair (λ, µ) is the unique solution of (Syst) that belongs to Ω. By repeating the same arguments with strict inequalities, one also sees that λ > 1, µ > 1 whenever (a, α) ∈ int A. The assertions of the Theorem about the images in Ω of the sets {α = −1}, {a = 1}, and {α = −1, a = 1} follow easily from (5.36). It was proved already in the previous section that for any (λ, µ) ∈ int Ω, (Syst) has a unique solution (a, α) ∈ int A. This finishes the proof of the Theorem.
Proof of Theorem 3.3 . Assume that the intervals [−µ, −1] and [1, λ] are symmetric, i.e. λ = µ. Then, taking into account that (3 − aα − a − α)(3 − aα + a + α) > 0, we deduce from the first equation in (Syst) that α = −a. Hence (4.24) gives h = 0. By (4.22), it follows that β and b are the solutions of the equation
Consequently, β = −b. Hence, by (4.15),
. Therefore,
and
Consequently, H is an odd function, and the second equation in (Syst) yields
We have obtained that a is solution of
In this simpler case, we can check directly that there is exactly one solution of (5.38) on the interval (0, 1).
In fact, the function u(t) = t 4 + (16λ 2 − 8)t 3 + 18t 2 − 27 verifies u(0) = −27 < 0, u(1) = 16λ 2 − 16 > 0, and u ′ (t) = 4t 3 + 3(16λ 2 − 8)t 2 + 36t > 36t > 0 for every t ∈ (0, 1). Furthermore, since (5.38) is a biquartic equation, it can be solved by radicals.
6. Numerical resolution of the nonlinear system.
The purpose of this section is to show that the problem of solving numerically the algebraic system (Syst) is a simple task, both from the theoretical and practical points of view.
Let us use the vector notation:
We suggest to use a continuation method for solving this equation numerically, which is a variation of methods described, for instance, in [4] , Section 4.4.2. Notice that these methods go back to the treatise [8] by H. Poincaré on celestial mechanics. Recall that the Newton method for solving equation F (A) = L with the starting point A st consists in the following (see, for instance, [4] , Section 4.2). Fix a small parameter σ > 0 and define iteratively
This iterative process finishes when F (A (n) ) − L < σ, and the last point A f in := A (n) is taken for an approximate solution of equation F (A) = L. In the continuation scheme, we apply the Newton algorithm several times. Given a point L * ∈ int Ω, we wish to find a good approximation for a solution A * ∈ int A of the equation F (A * ) = L * . The method goes as follows.
Part 1. Choose an initial approximation A 0 of the solution. We do it solving the equation F (A 0 ) = L 0 , where L 0 = (λ * + µ * , λ * + µ * )/2 is a symmetric vector, by applying Theorem 3.3.
Part 2. Choose a large integer n > 0, and divide the interval
Part 3. Let the parameter σ > 0 be fixed. The calculation is performed in n steps, applying the Newton method n times.
On the kth step (1 ≤ k ≤ n), we find an approximate solution A 
The applicability of this method for our concrete function F is justified by the following theorem. We will formulate it in a more general setting. 
Because of the topological assumption on F , the situation is very simple. The feasibility of the method is closely related with the continuation property for F , see [7] , Section 5.3.
It seems that this theorem is a variation of classical results, known to specialists. Since the authors were unable to find an exact reference, a sketch of the proof is included.
Proof of Theorem 6.1. Denote by B(q, r) the open ball centered at a point q ∈ R d of radius r. We apply Theorem 4.10 from [4] . It gives sufficient quantitative conditions for convergence of the Newton method, which imply, in particular, the following. Suppose A ∈ A, and let L = F ( A) ∈ Ω. Then, by the assumption, det F ′ ( A) = 0. It follows that there exists δ > 0 with the following property. ( * ) Given any ε > 0, there exists σ 0 > 0 such that to any σ < σ 0 there corresponds an integer M (σ) satisfying the following: the Newton method for solving equation F (A) = L with any starting point A st ∈ B( A, δ) stops after at most M (σ) steps, and the approximate solution A f in (σ) obtained fulfils |A f in (σ) − A| < ε.
Next, the pre-image F −1 ([L 0 , L * ]) is compact, hence the infimum of | det F ′ | on this set is positive. It follows that the above condition (*) takes place uniformly for all pairs of points ( A, L) ∈ A × Ω such that
Fix L 0 , L * , and fix some δ such that (*) holds for all pairs ( A, L) as above. Take any ε > 0, and let us prove that the conclusions of the theorem hold for this ε. We can assume that ε < δ/2. Let us find the corresponding σ 0 such that ( * ) holds. There exists a positive ρ such that |A ′ − A ′′ | < ε whenever
and |F (A ′ ) − F (A ′′ )| < ρ. Let N 0 be any integer such that hN 0 > |L * − L 0 |. We claim that the assertion of the Theorem holds for these σ 0 and N 0 .
Indeed, take any n ≥ N 0 , and put (as above) L k = (n − k)L 0 + kL * /n, and A k = F −a (L k ). Then |A k − A k+1 | < ε for all k. Consider the properties: Let us return to our particular function F , defined by system (Syst). It follows from Theorem 3.2 and explicit formulas (5.35), (5.37) that F : int A → int Ω is a C ∞ smooth homeomorphism. Put A = int A and Ω = int Ω. In order to prove that the above Theorem 6.1 applies to F , it only remains to check that det (we have applied the Maple package here). As we noted in the proof of Theorem 3.2, a 2 + 2aα − 3 < 0 and α 2 + 2aα − 3 < 0 for all (a, α) ∈ int A. Therefore det
∂(a,α) < 0 and det F ′ (A) < 0 for all A = (a, α) ∈ int A. In the next table, we reproduce some numerical results of the implementation of the above method. 
